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We investigate the parity-violating πNN Yukawa coupling constant h1πNN within the framework of the
SU(2) chiral quark–soliton model, based on the S = 0 effective weak Lagrangian derived within the
same framework. We ﬁnd that the parity-violating πNN coupling constant is about 1× 10−8 at the scale
of 1 GeV. The results of h1πNN turn out to be sensitive to the Wilson coeﬃcient. We discuss how the
gluonic renormalization suppresses the parity-violating πNN coupling constant.
© 2012 Elsevier B.V. Open access under CC BY license.1. Introduction
The parity-violating (PV) hadronic processes in low-energy re-
gions have been one of the most fundamental issues in nuclear
and hadronic physics for long time (see a recent review [1] for
some historical and phenomenological background). However, the
weak interactions of hadrons are yet poorly understood because
of the strong interaction, compared to lepton–lepton or lepton–
hadron weak processes. For example, the long-standing puzzle of
the I = 1/2 rule in strangeness-changing weak interactions in-
dicates that the effect of the strong interaction in weak processes
raises a non-trivial problem [2–4]. It is even more diﬃcult to study
parity-violating nuclear processes because of experimental feasi-
bility and theoretical complication caused by the non-perturbative
strong interaction of quarks and gluons. The standard model (SM)
asserts that charged weak boson exchange induces ﬂavor-changing
weak interactions whereas the neutral current conserves the ﬂa-
vor. The basic ingredient to describe low-energy hadronic weak
processes is the quark current–current interaction with W and Z
bosons. However, in order to describe low-energy phenomena be-
low 1 GeV, one has to scale down this interaction from the mass
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Open access under CC BY license.scale of the W and Z . In the course of this scaling, the quark–
gluon interactions are encoded in the Wilson coeﬃcients by the
renormalization group equation [5–8], which, however, explains
only a perturbative part of the strong interaction.
Desplanques, Donoghue, and Holstein (DDH) [8] suggested that
hadronic and nuclear PV processes can be described by one-boson
exchange such as π -, ρ-, and ω-exchanges [8–10] à la the strong
nucleon–nucleon (NN) potential. The main factors of the PV NN
potential are the seven weak meson–NN coupling constants, i.e.
h1πNN , h
0
ρNN , h
1
ρNN , h
2
ρNN , h
0
ωNN , h
1
ωNN , and h
′1
ρNN , where superscripts
denote the isospin difference I . Among these coupling constants,
it is of utmost importance to understand the PV πNN coupling
constant, because it governs the long-range part of the PV NN in-
teraction, so that it plays the most signiﬁcant role in explaining
the PV nuclear processes. The PV πNN coupling constant can in
principle be extracted from various PV reactions np → dγ [11–13],
and 18F∗ → 18F [14–16] but is fraught with large uncertainties. We
refer to a recent review [17] for the present status of hadronic
PV experiments. It has been also calculated in various theoreti-
cal frameworks: the SU(6)W quark model [8,18] with the effective
weak Hamiltonian, the Skyrme model [19–21], and QCD sum rules
[22], and so on. Even though a great amount of efforts was made
on understanding h1πNN experimentally as well as theoretically, its
quantitative value is still elusive.
In the present work, we investigate the PV πNN coupling con-
stant, h1πNN , within the framework of the SU(2) chiral quark–soliton
model (χQSM) which is an effective chiral model for QCD in the
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mesons as the relevant degrees of freedom. The model respects the
spontaneous breakdown of chiral symmetry and describes baryons
fully relativistically. Moreover, it is deeply related to the QCD vac-
uum based on instantons [23] and contains only a few free param-
eters. These parameters can mostly be ﬁxed to the meson masses
and meson decay constants in the mesonic sector. The only re-
maining free parameter is the constituent quark mass or dynamical
quark mass that is also ﬁxed by reproducing the electric properties
of the proton. The χQSM was successful in describing lowest-lying
baryon properties [24]. Furthermore, the renormalization scale for
the χQSM is naturally given by the cut-off parameter for the reg-
ularization which is about 0.36 GeV2. Note that it is implicitly re-
lated to the inverse of the size of instantons (ρ¯ ≈ 0.35 fm) [25,26].
This renormalization scale is very important in general, because
the essential feature of the PV hadronic interactions comes from
the effective weak Hamiltonian that has a speciﬁc scale depen-
dence, as mentioned previously. Thus, the matching of this scale
consists of an essential part in investigating any nonleptonic de-
cays and PV hadronic processes.
While the χQSM provides a plausible framework to study the
PV πNN coupling constant, there are at least two theoretical dif-
ﬁculties. Firstly, the effective weak Hamiltonian has two-body op-
erators and one has to treat the four-point correlation functions in
order to compute the PV πNN coupling constant. Secondly, since
the momentum-dependent dynamical quark mass is known to play
a signiﬁcant role in describing K → ππ nonleptonic decays [27,
28], one can expect that it would also contribute to h1πNN substan-
tially. This is in particular important, because a certain amount of
non-perturbative effects is reﬂected in the momentum-dependent
quark mass, which arises from the zero mode of instantons. How-
ever, it is very diﬃcult to handle these problems in the self-
consistent χQSM. In order to circumvent all technical diﬃculties
in the self-consistent approach, we will use the gradient expan-
sion to calculate h1πNN , taking the limit of a large soliton size, so
that valence quarks in a nucleon plunge into the Dirac sea and the
soliton emerges as a topological one [24], which is quite similar to
a skyrmion. Equivalently, we can start directly from the S = 0
effective weak chiral Lagrangian derived in Ref. [29] and quan-
tize the chiral soliton collectively. Then, we introduce a physical
pion through quantum ﬂuctuations around the soliton ﬁeld. This
procedure will lead to the results for h1πNN without ﬁtting any pa-
rameter. In the present work, we will restrict ourselves the SU(2)
case for simplicity and will concentrate on how the low-energy
constants (LECs) found in Ref. [29] feature the PV πNN coupling
constant.
This Letter is organized as follows: In Section 2, we describe
brieﬂy a general formalism for the derivation of the PV weak πNN
coupling constant. In Section 3 we present the numerical results
for h1πNN and discuss the role of the LECs of the S = 0 effective
weak chiral Lagrangian. The last section is devoted to the summary
and outlook of this work.
2. General formalism
In this section, we will show how to incorporate the S = 0
effective weak Hamiltonian into the effective chiral action. We em-
ploy the S = 0 effective weak Hamiltonian derived in Ref. [8].
The Hamiltonian reads
HS=0W =
GF√
2
cos θc sin θc
×
[
2∑(
αiiO
(
A†i , Ai
)+ βiiO(A†i t A, AitA)+ h.c.)
i=1+
2∑
i, j=1
(
γi jO
(
B†i , B j
)+ ρi jO(B†i t A, B jtA))
]
, (1)
where the operator O(Mi,Ni) is deﬁned as a two-body opera-
tor O(Mi,Ni) ≡ −ψ†γμγ5Miψψ†γ μNiψ in Euclidean space, and
tA denotes the generator of the color SU(3) group, normalized as
tr tAtB = 2δAB . The deﬁnitions of the matrices Ai and Bi , and the
coeﬃcients α, β , γ and ρ can be found in [8]. These coeﬃcients
are the functions of the scale-dependent Wilson coeﬃcient K (μ)
deﬁned as
K (μ) ≡
(
1+ g
2(μ2)
16π2
b ln
M2W
μ2
)
, (2)
where g(μ2) denotes the strong running coupling constant, μ
stands for the renormalization point that speciﬁes the energy scale,
b = 11 − 2N f /3, and MW is the mass of the W boson. The coef-
ﬁcient K encodes the effect of the strong interaction from pertur-
bative gluon exchanges.
The four-quark operators are expressed generically by
Qi(x) = −ψ†(x)Γ i1ψ(x)ψ†(x)Γ i2ψ(x), (3)
where i (= 1, . . . ,12) labels each four-quark operator in the ef-
fective weak Hamiltonian and Γ i1(2) consist of the Dirac gamma
and ﬂavor matrices. Thus, the effective weak Hamiltonian can be
rewritten as follows:
HS=0W =
12∑
i=1
CiQi(x), (4)
where Ci denotes α, β , γ and ρ according to Eq. (1).
In order to derive h1πNN in the χQSM, we have to solve the
following matrix element:
〈N|HS=0W
∣∣πaN〉= 12∑
i=1
Ci〈N|Qi(z)
∣∣πaN〉
=
12∑
i=1
Ci
∫
d4ξ eik·ξ
(
k2 +m2π
)
× 〈N|T [Qi(z)πa(ξ)]|N〉. (5)
The nucleon state is deﬁned in terms of the Ioffe-type current in
Euclidean space (x0 = −ix4):∣∣N(p1)〉= lim
y4→−∞
ep4 y4N ∗(p1)
∫
d3 y eip1·y J †N(y)|0〉,
〈
N(p2)
∣∣= lim
x4→+∞
e−p0x4N (p2)
∫
d3x e−ip2·x〈0| J N(x). (6)
The nucleon current J †N ( J N ) plays a role of creating (annihilating)
nucleons. The N ∗ (N ) represents the normalizing factor depend-
ing on the initial (ﬁnal) momentum. The J †N ( J N ) consists of Nc
quarks:
J N(x) = 1
Nc !
c1c2···cNc Γ s1s2···sNc(T T3Y )( J J3YR )ψs1c1(x) · · ·ψsNc cNc (x), (7)
where s1 · · · sNc and c1 · · · cNc denote respectively spin–isospin and
color indices. The Γ {s}(T T3Y )( J J3YR ) are matrices with the quantum
numbers (T T3Y )( J J3YR). For the nucleon, T = 1/2, Y = 1 and
J = 1/2. The right hypercharge will be constrained by the baryon
number. The creation baryon current is written as
J †N(y) =
1
Nc !
c1c2···cNc Γ s1s2···sNc ∗(T T3Y )( J J3YR )
× (−iψ†γ4) (x) · · · (−iψ†γ4) (x). (8)sNc cNc s1c1
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considered, the matrix elements in Eq. (5) can be related to the
following four-point correlation function
lim
y0→−∞
x0→+∞
12∑
i=1
Ci〈0|T
[
J N(x)Qi(z)∂μAaμ(ξ) J †N(y)
]|0〉 = lim
y0→−∞
x0→+∞
K,
(9)
where Aaμ stands for the axial-vector current. In the χQSM, the
correlation function K can be expressed as a functional integral
K= 1Z
∫
DψDψ†DU JN(x)Qi(z)∂μAaμ(ξ) J †N(y)
× exp
[∫
d4xψ†
(
i/∂ + i
√
M
(−∂2)Uγ5√M(−∂)2 )ψ] (10)
in the chiral limit, where M(−∂2) denotes the momentum-
dependent dynamical quark mass and Uγ5 represents the chiral
ﬁeld deﬁned as
Uγ5 = 1+ γ5
2
U + 1− γ5
2
U † (11)
with the Goldstone boson ﬁeld U = exp(iλaπa/ fπ ).
It is, however, extremely complicated to solve Eq. (10) numer-
ically, since the PV πNN coupling constant involves the two-body
quark operators Qi and the axial-vector one, which will lead to
laborious triple sums in quark levels already at the leading or-
der. Moreover, the momentum-dependent quark mass, which is
known to be of great signiﬁcance in describing nonleptonic pro-
cesses [27], introduces in addition technical diﬃculties [30]. One
way to avoid these complexities is to use a gradient expansion
taking (/∂U/M)  1 [31] or equivalently is to start from the ef-
fective weak chiral Lagrangian already derived in Ref. [29]. Note
that though we did not carry out the derivative expansion to or-
der p4, it is not diﬃcult to estimate how large the corresponding
LECs could be. In Ref. [28], the S = 1 effective weak chiral La-
grangian to order p4 was investigated in the case of the local
chiral quark model. As one can see, all of the LECs are order-
of-magnitude smaller than the O(p2) LECs. In this sense, even
though we go further beyond the leading order, the contribution
from higher derivative terms will not enhance or suppress hπNN
much. It will be at most below (5–10)%. Thus, we will use the
S = 0 effective weak chiral Lagrangian derived in Ref. [29] as our
starting point, instead of dealing with Eq. (10). Nevertheless, the
present approach goes beyond the previous analyses in the Skyrme
model [19–21], because the present scheme incorporates properly
the effects of the perturbative quark–gluon strong interaction in
the derivation of the PV πNN coupling constant.
The leading-order (LO) term of the S = 0 effective weak chiral
Lagrangian in the large Nc can be expressed in terms of the vector
and axial-vector currents
LLO = 2
(
α˜11
2∑
i=1
V iμA
iμ + α˜22
5∑
i=4
V iμA
iμ
)
+
[
9γ˜11V
0
μA
0μ + 3γ˜12
(
−V 0μ + 2V 3μ +
2√
3
V 8μ
)
A0μ
+ 3γ˜21V 0μ
(
−A0μ + 2A3μ +
2√
3
A8μ
)
+ γ˜22
(
−V 0μ + 2V 3μ +
2√
3
V 8μ
)
×
(
−A0μ + 2A3μ + 2√ A8μ
)]
, (12)3where the vector and axial-vector currents are deﬁned as
V aμ =
f 2π
2
Tr
[
T a(Rμ + Lμ)
]
,
Aaμ =
f 2π
2
Tr
[
T a(Rμ − Lμ)
]
(13)
in terms of Lμ = iU †∂μU , Rμ = iU∂μU †, and T a = ( 13 , λ
1
2 , . . . ,
λ8
2 ).
The parameter fπ stands for the pion decay constant fπ =
93 MeV. The explicit expressions for the coeﬃcients a˜i j (a =
α,β,γ ,ρ) can be found in Ref. [29].
The classical soliton ﬁeld U0 is assumed to have a structure of
the trivial embedding of the SU(2) hedgehog ﬁeld as
U0 =
(
exp(iτ · rˆP (r)) 0
0 1
)
(14)
with the proﬁle function of the soliton P (r). This classical soliton
ﬁeld can be ﬂuctuated in such a way that the pion ﬁeld can be
coupled to a weak two-body operator
U = exp(iτ ·π/2)U0 exp(iτ ·π/2). (15)
Similarly, the vector and the axial-vector currents transform as
Aaμ = A˜aμ +
1
fπ
f abi V˜ bμπ
i, V aμ = V˜ aμ +
1
fπ
f abi A˜bμπ
i, (16)
where the indices a,b = 1, . . . ,8 and i = 1,2,3. The current with
a tilde indicates that arising from the background soliton ﬁeld.
Since the PV πNN interaction Lagrangian is expressed as
LπPV = −
1√
2
h1πNNΨ¯N(τ ×π)3ΨN , (17)
which is linear in the pion ﬁeld and deﬁned in the SU(2) ﬂa-
vor space (proportional to (τ × π)3), one can easily see that the
term
∑5
i=4 V iμAiμ does not contribute to the PV πNN Lagrangian.
Moreover, since f 8bi = f 0bi = 0, the pion ﬁelds for the PV πNN
Lagrangian can survive in the vector and axial-vector currents only
when a = i. Writing them explicitly, we have
Aiμ = A˜iμ +
1
fπ
(V˜ μ ×π)i, V iμ = V˜ iμ +
1
fπ
( A˜μ ×π)i . (18)
Considering the terms contributing to the PV πNN vertex, we ob-
tain for the LO Lagrangian
LπLO = α˜11
2∑
i=1
V iμA
iμ + (3γ˜12 − γ˜22)V 3μA0μ
+ (3γ˜21 − γ˜22)V 0μA3μ + 2γ˜22V 3μA3μ
+ 2√
3
γ˜22
(
V 3μA
8μ + V 8μA3μ
)+ (V ↔ A). (19)
Extracting the terms linear in the pion ﬁeld from Eq. (19) and re-
arranging them, we ﬁnally derive the LO PV πNN Lagrangian:
LπLO =
1
fπ
{
(−α˜11 + 2γ˜22)
[
V 3μ
(
V μ ×π)3 + A3μ(Aμ ×π)3]
+ (3γ˜21 − γ˜22)V 0μ
(
V μ ×π)3
+ (3γ˜12 − γ˜22)A0μ
(
Aμ ×π)3
+ 2√
3
γ˜22
[
A8μ
(
Aμ ×π)3 + V 8μ(V μ ×π)3]
}
+ (O 0,3,8 ↔ (O ×π)3). (20)
For simplicity, we have omitted the tildes in the currents.
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weak chiral Lagrangian in the large Nc expansion derived in [29]
yields the Lagrangian for the PV πNN vertex as
LπNLO =
1
Nc fπ
{
−(α˜11 + 2β˜11)(Λ3 ×π)3
+ (α˜22 + 2β˜22)
[
(Λ4 ×π)4 + (Λ5 ×π)5
]
+ 3
(
4I1I3
I22
+ 1
)
(γ˜12 + 2ρ˜12)(Λ0 ×π)3
+ 3
(
4I1I3
I22
− 1
)
(γ˜21 + 2ρ˜21)(Λ0 ×π)3
+ 2(γ˜22 + 2ρ˜22)
[
(Λ3 ×π)3 + 1√
3
(Λ8 ×π)3
]}
, (21)
where
Λa ≡ f
4
π
4
Tr
[(
RμλaR
μ + LμλaLμ
)
τ
]
for a = 0,3,8, (22)
(Λa ×π)a ≡ f
4
π
4
Tr
[(
RμλaR
μ + LμλaLμ
)
fabiλbπi
]
for a = 4,5,
(23)
and λ0 is deﬁned as the unit matrix in SU(3) divided by 3. The
integrals Ii in Eq. (21) were already evaluated in Ref. [29] and are
expressed as
I1 = −
∫
d4k
(2π)4
M(k)
k2 + M2(k) =
〈ψ¯ψ〉M
4Nc
, (24)
I2 =
∫
d4k
(2π)4
M2(k) − k22 M(k)M˜ ′
(k2 + M2(k))2 =
f 2π
4Nc
, (25)
I3 =
∫
d4k
(2π)4
[ 1
4 M˜
′′k2 + 12 M˜ ′ − M˜
′2
8M k
2
k2 + M2(k)
− M + M
2M˜ ′ + k22 M2M˜ ′′ + 12k2MM˜ ′2 + k
2
4 M˜
′
(k2 + M2(k))2
+ k2
1
2M + 2M2M˜ ′ + M3M˜ ′2
(k2 + M2(k))3
]
, (26)
where 〈ψ¯ψ〉M denotes the quark condensate in Minkowski space
and M˜ ′ = (dM(k)/dk)/2k.
The next step is to carry out the zero-mode collective quantiza-
tion of the soliton
U0(x) → U (x, t) = R(t)U0(x)R†(t), (27)
where R(t) stands for the unitary time-dependent SU(3) orienta-
tion matrix of the soliton R(t) = exp(iΩa(t)λa/2) with its angular
velocity Ωa(t) that is of order O(1/Nc). Each current is trans-
formed as
V a0 =
f 2π
2
Tr
(
i
λa
2
R
[[
U0, R
† R˙
]
,U †0
]
R†
)
= f
2
π
2
[
1− cos P (r)]DaαΩα + f 2π sin2 P (r)DaiΩ i
− f 2π sin2 P (r)(rˆ ·Ω)Dairˆi, (28)
V ai =
f 2π
2
Tr
(
i
λa
2
R
[
U0, ∂iU
†
0
]
R†
)
= f 2π
sin2 P (r)
r
f i jkrˆ j D
ak, (29)
Aa0 = −
f 2π
2
Tr
(
i
λa
2
R
{[
U0, R
† A˙
]
,U †0
}
R†
)
= f 2π
(
sin P (r) cos P (r)rˆii jkD
akΩ j+ sin P (r)rˆi f iαβDaβΩα
)
, (30)
Aai =
f 2π
2
Tr
(
i
λa
2
R
{
U0, ∂iU
†
0
}
R†
)
= f 2π
[
sin2P (r)
2r
δi j +
((
P ′
)2 − sin2P (r)
2r
)
rˆi rˆ j
]
Daj, (31)
where Italic (Greek) indices run over 1, 2, 3 (4, . . . ,7), respectively,
and dot (prime) means the derivative with respect to time (radius),
respectively. The Wigner D functions and the angular velocity are
deﬁned as
Dab(R) = 1
2
Tr
(
λaRλbR†
)
, R† R˙ = i
2
λaΩa. (32)
Before we proceed the calculation of h1πNN , we want to em-
phasize that we will investigate h1πNN ﬁrst in the SU(2) case in
this work. Of course, the strange quarks may still play a certain
role in describing h1πNN . In fact, Ref. [32] showed that the strange
quark operator (q¯λ3γμq)(s¯γμγ5s) induced by Z0 exchange could
contribute signiﬁcantly to the NN coupling constant. The main
argument of Ref. [32] lies in the fact that the I = 1 operator
proportional to h1πNN can be related to the S = 1 operator by
an SU(3) rotation followed by an isospin rotation. Then, it was
found that the linear combination of the strange operators made
a large contribution to h1πNN , which indicates that it has large ma-
trix elements in the nucleon state. The SU(3) Skyrme model came
to the similar conclusion that the four-quark operators with the
strange quark contributed to h1πNN signiﬁcantly [21] because of the
induced kaon ﬁeld. Note, however, that Ref. [21] has not used the
renormalized effective weak Hamiltonian but started from the bare
Hamiltonian. On the other hand, in a recent lattice study [33], the
strange quark operators can only contribute to the quark-loop dia-
grams for which the signal-to-noise ratio remains far too small to
bring out any reasonable signal, so that they were neglected. More-
over, recent ﬁndings have it that the content of strange quarks in
the nucleon in the vector channel is negligible small [34] and that
the strangeness in the scalar and axial-vector channels is still ham-
pered by uncertainties [35]. Thus, it is still too early to reach a
conclusion on the contribution of strange quark operators to h1πNN .
In the present work, we will concentrate on the case of SU(2),
since it does not vanish even in SU(2). As we will discuss later
in detail, this ﬁnite result is distinguished from that of the SU(2)
Skyrme model [36] in which h1πNN turns out to be equal to zero.
The extension of the investigation to SU(3) will be found else-
where.
Since we will calculate h1πNN in the process of nπ
+ → p, we
can rewrite the LO and NLO Lagrangians in SU(2) as follows:
LπLO = i
√
2
fπ
{
(−α˜11 + 2γ˜22)
[
V 3μV
+μ + A3μA+μ
]
+ 2(3γ˜21 − γ˜22)V 0μV+μ
+ 2(3γ˜12 − γ˜22)A0μA+μ + 2γ˜22
[
A0μA
+μ + V 0μV+μ
]}
π−
+ (O 0,3 ↔ O+), (33)
LπNLO = i
√
2
Nc fπ
[
−(α˜11 + 2β˜11)Λ+3
+ 3
(
4I1I3
I22
+ 1
)
(γ˜12 + 2ρ˜12)Λ+0
+ 3
(
4I1I3
I22
− 1
)
(γ˜21 + 2ρ˜21)Λ+0
+ 2(γ˜22 + 2ρ˜22)
(
Λ+3 +Λ+0
)]
π−, (34)
H.-J. Lee et al. / Physics Letters B 713 (2012) 439–446 443where we have used the identity
(O ×π)3 = √2i(π−O+ − π+O−) (35)
with the deﬁnitions O± = 12 (O 1 ± iO 2) and π± = 1√2 (π1 ± iπ2).
The eighth component of the Gell-Mann matrices becomes the
unity matrix with factor 1/
√
3 in going from SU(3) to SU(2). The
PV πNN coupling constant, h1πNN , can be directly read from the
matrix element
h1πNN = i〈p↑|LπPV
∣∣n↑,π+〉, (36)
where
LπPV = −h1πNNΨ¯N i
(
π−τ+ −π+τ−)ΨN . (37)
Let us ﬁrst compute h1πNN with the LO Lagrangian. Note that
the iso-scalar current vanishes identically in the present model.
By using the results in the previous section, we can see that the
temporal component can contribute to h1πNN because of the or-
thogonality of Dab . This produces the following expression:
V 30 V
+
0 =
4 f 4π
15
√
2
sin4 P (r)
× [6D3iΩ i(D1 j + iD2 j)Ω j + D3iΩ j(D1i + iD2i)Ω j
+ D3iΩ j(D1 j + iD2 j)Ω i],
A30A
+
0 =
4 f 4π
3
√
2
sin2 P (r) cos2 P (r)
× [D3iΩ j(D1i + iD2i)Ω j − D3iΩ j(D1 j + iD2 j)Ω i].
(38)
Because of the zero-mode quantization, the angular velocity is ex-
pressed in terms of the spin operator Si , Ω i = Si/I , where I is the
moment of inertia of the soliton. The spin operator and Wigner
D function satisfy the commutation relation [Si, Daj] = i i jkDak .
Then, the matrix elements of Eq. (38) are written as
〈p↑|V 30 V+0 |n↑〉 =
f 4π
15
√
2
5
2I2
sin4 P (r) = −〈p↑|V+0 V 30 |n↑〉,
〈p↑|A30A+0 |n↑〉 = −
f 4π
3
√
2
3
2I2
sin2 P (r) cos2 P (r)
= −〈p↑|A+0 A30|n↑〉. (39)
Since the LO Lagrangian is symmetric under the exchange of the
indices 3 and +, it turns out that
h1πNN(LO) = 0. (40)
This null result of the LO h1πNN was also obtained in the minimal
Skyrme model [36].
The NLO Lagrangian has a rather complicated structure, so that
it is convenient to analyze ﬁrst Λi0,3. Introducing r
i
μ and l
i
μ as
Rμ = −τ iriμ, Lμ = −τ iliμ, (41)
we rewrite the expressions for Λij as
Λia =
f 4π
4
Tr
[(
RμτaR
μ + LμτaLμ
)
τ i
]
= f
4
π
4
(
rmμr
nμ + lmμlnμ
)
Tr
(
τmτaτ
nτ i
)
= f
4
π
2
(
raμr
iμ − δiarmμrmμ + riμraμ + (r ↔ l)
)
, for a = 0,
(42)Λi0 =
f 4π
12
Tr
[(
RμR
μ + LμLμ
)
τ i
]
= f
4
π
12
(
rmμr
nμ + lmμlnμ
)
Tr
(
τmτnτ i
)
= i f
4
π
6
mni
(
rmμr
nμ + lmμlnμ
)
. (43)
Here, index a runs over a = 1,2,3. Then, riμ and liμ become
ra0 = −Dab
(− sin P (r) cos P (r)blmΩ lrˆm + sin2 P (r)δblT Ω l), (44)
rai = −Dab
(
rˆi rˆb∂r P (r) + δbiT
sin2P (r)
2r
+ sin
2 P (r)
r
 ikbrˆk
)
, (45)
la0 = −Dab
(
sin P (r) cos P (r)blmΩ lrˆm + sin2 P (r)δblT Ω l
)
, (46)
lai = −Dab
(
−rˆi rˆb∂r P (r) − δbiT
sin2P (r)
2r
+ sin
2 P (r)
r
 ikbrˆk
)
, (47)
where the transverse Kronecker delta is expressed as δabT = δab −
rˆarˆb . Putting these results together, we arrive at the expressions for
Λ+3 and Λ
+
0 :
Λ+3 =
f 4π
4
Tr
[(
Rμτ3R
μ + Lμτ3Lμ
)
τ+
]
= f
4
π
4
((
r1μ + ir2μ
)
r3μ + r3μ
(
r1μ + ir2μ)+ (r → l)),
Λ+0 =
f 4π
4
Tr
[(
Rμλ0R
μ + Lμλ0Lμ
)
τ+
]
= f
4
π
12
((
r1μ + ir2μ
)
r3μ − r3μ
(
r1μ + ir2μ)+ (r → l)). (48)
Since∫
d3x 〈p↑|r3μ
(
r1μ + ir2μ)|n↑〉
= −
∫
d3x 〈p↑|(r1μ + ir2μ)r3μ|n↑〉
= 2π
3I2
∫
dr r2 sin2 P (r)
(
sin2 P (r) − 3cos2 P (r)), (49)
one can easily see that only Λ+0 contributes to h1πNN . As a result,
h1πNN from the NLO Lagrangian turns out to be
h1πNN(NLO) =
8
√
2π
3 fπ I2
(
N9 + 2
3
N10
)
×
∫
dr r2 sin2 P (r)
(
sin2 P (r) − 3cos2 P (r)), (50)
where the LECs N9 and N10 are given as [29]
N9 = 4Nc
[
4I1I3(γ˜12 + γ˜21 + 2ρ˜12 + 2ρ˜21)
+ I22 (γ˜12 − γ˜21 + 2ρ˜12 − 2ρ˜21)
]
= 4〈ψ¯ψ〉MI3(γ˜12 + γ˜21 + 2ρ˜12 + 2ρ˜21)
+ f
4
π
4Nc
(γ˜12 − γ˜21 + 2ρ˜12 − 2ρ˜21), (51)
N10 = 4Nc I22 (γ˜22 + 2ρ˜22) =
f 4π
4Nc
(γ˜22 + ρ˜22). (52)
As we will discuss later, the LECs N9 and N10 are essential to
describe the PV πNN coupling constant.
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coeﬃcient K in units of 10−8. The solid curve draws the result with the physical
proﬁle function, the dashed one depicts that with the arctangent proﬁle, and the
short-dashed one does that with the linear one.
3. Results and discussion
We are now in a position to calculate Eq. (50) numerically. In
doing so, we make use of the momentum-dependent quark mass
derived from the instanton vacuum [26] and the corresponding re-
sults of the LECs obtained in Ref. [29]. The value of M0 = M (k = 0)
is taken to be 350 MeV as in Ref. [29], which was ﬁxed by the
saddle-point equation from the instanton vacuum [26]. Moreover,
we employ three different types of the solitonic proﬁle function
to examine the dependence of h1πNN on them. The ﬁrst one is the
arctangent proﬁle function P (r) [37]
P (r) = 2arctan
(
r0
r
)2
, (53)
where r0 is given by r0 =
√
3gA
16π f 2π
. Employing gA = 1.26 and
fπ = 93 MeV, we obtain r0 = 0.582 fm. We use a physical proﬁle
function as a second one, which associates with the proper pion
tail of the nucleon
P (r) =
{
2arctan( r0r )
2 (r  rx),
Ae−mπ r(1+mπ r)/r2 (r > rx),
(54)
where mπ denotes the pion mass and A = 2r20 . rx is determined
by the intersection of the arctangent function (r  rx) and pion
tail (r > rx). If one takes the limit mπ → 0 for the pion tail, the
physical proﬁle function becomes identical with the arctangent
one at large r. With the physical pion mass considered, we have
rx = 0.749 fm. The ﬁnal one is the linear proﬁle function initially
proposed by Skyrme [38]
P (r) =
{
π(1− u/λ) (u  λ),
0 (u > λ),
(55)
where u ≡ 2efπ r with e = 4.84 and λ = 3.342.
Using these three proﬁle functions, we can immediately com-
pute the PV πNN coupling constant h1πNN . Fig. 1 draws the results
of h1πNN as a function of the Wilson coeﬃcient K . The solid curve
depicts that with the physical proﬁle function, whereas the dashed
and short-dashed ones correspond to those with the arctangentFig. 2. (Color online.) Low-energy constants N9, N10, and N9+2N10/3 as functions
of the Wilson coeﬃcient K in units of 10−11 GeV2. The solid curve draws the result
of N9 + 2N10/3, dashed one depicts that of N9, and the short-dashed one does
that of N10.
and linear proﬁle functions respectively. One can regard the dif-
ference between the results with the physical proﬁle function and
those with the arctangent one as effects of the ﬁnite pion mass,
which contribute to h1πNN approximately by 10%. Moreover, the
type of the proﬁle function does not change much the general
features of h1πNN , though we preferably take the results with the
physical one as our ﬁnal values.
We ﬁnd out from Fig. 1 that h1πNN is rather sensitive to the Wil-
son coeﬃcient K and it decreases monotonically, as K increases.
We notice that its sign is even changed around K = 6. This can be
easily understood. The LECs N9 and N10 in Eq. (50) play essen-
tial roles in determining the K dependence of h1πNN . Fig. 2 draws
the results of the LECs N9 and N10 as functions of K . While N9
depends rather strongly on K , N10 does mildly on K . Moreover,
N9 is dominant over N10, so that the PV πNN coupling constant
is mainly governed by N9. Since N9 is the main contribution to
h1πNN , we want to examine it in detail. We can easily see that
the ﬁrst term of Eq. (51) containing the quark condensate is much
larger than the second one. Moreover, since γ˜12 and ρ˜21 are much
smaller than the other two coeﬃcients γ˜21 and ρ˜12, we can ne-
glect them in N9. Then, N9 can be expressed as
N9 ≈ 4〈ψ¯ψ〉MI3(γ˜21 + 2ρ˜12). (56)
As shown in Eq. (1), the coeﬃcient γ˜21 comes from the origi-
nal effective weak Hamiltonian at the mass scale of the W boson
μ = MW = 80.4 GeV corresponding to K = 1. In this case, only
γ˜21 survives in N9. However, when we start to scale the Hamil-
tonian down to μ ≈ 1 GeV that corresponds to K ≈ 4, the gluonic
renormalization arising from gluon exchange parallel to Z -boson
exchange is turned on. As a result, the 2ρ˜12 term becomes as large
as a half of the γ˜21 one [8,29] at this scale. If one goes further
down to the scale at which K ≈ 6,1 the correction of ρ˜12 can-
cels out the contribution of γ˜21, so that h1πNN almost vanishes, as
already shown in Figs. 1 and 2. This cancellation implies that the
effects of the gluon renormalization leads to the suppression of the
1 There is a caveat in scaling further down below 1 GeV, because the matching
problem becomes non-trivial below the charm quark mass. Furthermore, we still
do not know how to incorporate all possible non-perturbative effects consistently
below 1 GeV.
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PV πNN coupling constant in the present approach of the SU(2)
χQSM.
Since Ref. [29] derived the effective weak chiral Lagrangian
based on the S = 0 effective weak Hamiltonian, it is plausible to
take the value K = 4 for h1πNN , which corresponds to the renormal-
ization scale of the charm quark mass μ ≈ 1 GeV as done for the
S = 1 case [7]. Thus, we obtain h1πNN ≈ 1×10−8 for K = 4. How-
ever, if one neglects all the renormalization effects, i.e. if one takes
K = 1, we have h1πNN ≈ 4 × 10−8, which is similar to that of the
SU(2) Skyrme model with vector mesons (h1πNN = (2–3) × 10−8)
[19] in which the effective weak Hamiltonian at μ = MW or with
K = 1 was used. Note that the present result is almost 40 times
smaller than the “best” value of DDH (h1πNN = 4.5× 10−7) [8].
Very recently, Ref. [33] has reported the ﬁrst result of lattice
QCD: h1πNN = (1.099 ± 0.505+0.058−0.064) × 10−7 with the pion mass
mπ = 389 MeV. Thus, it is interesting to compare the present re-
sult with the lattice one. In order to do that, we need to examine
the dependence of h1πNN on the pion mass mπ . Fig. 3 depicts the
PV πNN coupling constant as a function of mπ . We employ here
the physical proﬁle function with K = 4. Interestingly, h1πNN starts
to increase, as mπ does. As a result, h1πNN turns out to be around
1.8× 10−8 for mπ = 400 MeV. Though it is still around ﬁve times
less than that of the lattice calculation, we can infer from Fig. 3
that lattice results with the physical pion mass might be quite
smaller than that of Ref. [33]. Moreover, if one takes K = 1, h1πNN
with mπ = 389 MeV would become h1πNN ≈ 6.77 × 10−8 that is
comparable to the lattice one, though the value K = 1 does not
seem tenable for h1πNN as discussed previously. However, one has
to keep in mind that Ref. [33] has not performed the calculation
of the full matrix element, since the quark-loop diagrams were
omitted because of technical diﬃculties. A quantitative compari-
son with full lattice calculations is still being awaited.
4. Summary and outlook
We have investigated the parity-violating pion–nucleon cou-
pling constant h1πNN within the framework of the chiral quark–
soliton model with the gradient expansion used. Starting from
the S = 0 effective weak chiral Lagrangian derived in the same
framework, we have calculated the parity-violating πNN coupling
constant. It was found that it vanished at the leading order in thelarge Nc , i.e. h1πNN(LO) = 0, which is of order O(N−1/2c ), but it was
ﬁnite to the next-to-leading order, i.e. O(N−3/2c ).
Employing three different proﬁle functions, that is, the arctan-
gent, physical, and linear ones, we calculated the parity-violating
πNN coupling constant to the next-to-leading oder. It turns out
that the values of h1πNN depend sensitively on the values of the
Wilson coeﬃcient K and vanishes around K ≈ 6. The reason can
be found in the fact that the contribution of the gluonic renor-
malization constant ρ˜12 cancels out that of the γ˜21, which is the
leading one. It indicates that the perturbative gluonic contribu-
tion suppresses the parity-violating πNN coupling constant. Tak-
ing the scale of the charm quark mass, i.e. μ ≈ 1 GeV, we found
h1πNN ≈ 1× 10−8, which is almost 40 times smaller than the “best
value” of Ref. [8]. If the μ = MW is selected, the value of h1πNN
turns out to be similar to that from the Skyrme model with vec-
tor mesons [19]. We also compared the present result with that
of the lattice calculation. Thus, we examined the dependence of
the parity-violating πNN coupling constant on the pion mass and
found that h1πNN increased as mπ did. If one uses mπ = 400 MeV,
the result turns out to be almost two times larger than that with
the physical value mπ = 140 MeV but is still about ﬁve times
smaller than the lattice one. However, we want to emphasize that
neither the present result nor the lattice one is the ﬁnal one.
In order to understand the parity-violating πNN coupling con-
stant h1πNN more completely and quantitatively, we have to con-
sider the following important physics: Since we have considered
the SU(2) case in the present work, the effects of strangeness were
left out. As already mentioned in Section 2, however, the strange
quark operators may play a certain role in describing the parity-
violating πNN coupling constant. Extending from SU(2) to SU(3)
is lengthy but straightforward in the present framework. Starting
from Eqs. (20), (21), we employ the quantization with the em-
bedding (14). In particular, the singlet current is distinguishable
from the octet one in SU(3), so that this would make difference in
predicting the parity-violating πNN coupling constant. Moreover,
the fourth and ﬁfth ﬂavor components of the vector currents enter
the next-to-leading order Lagrangian, this would also contribute to
h1πNN .
As was seen in Section 3, the gluon renormalization plays a role
of suppressing the parity-violating πNN coupling constant. How-
ever, the effective weak Hamiltonian at two-loop order was de-
rived very recently in Ref. [39], where the QCD penguin diagrams
were also considered. This Hamiltonian is more complete than that
from Ref. [8]. Thus, it is of great signiﬁcance to investigate the
S = 0 effective weak chiral Lagrangian based on this effective
weak Hamiltonian. It is also of great interest to see whether these
penguin diagrams enhance the h1πNN or not, since they give part
of answers of explaining the I = 1/2 rule in nonleptonic decays
[6,7]. The corresponding investigations are under way.
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